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1. Introduction

We denote a finite projective geometry of t dimensions over the Galois field
GF(s) with s elements by PG(t, s) where t=2 and s is a prime or prime power. The
concept of an {f, m; t, s}-max-hyper (or a {k, m; ¢, s}-min;hyper) with weight W=
(Wy, Wp,-++, W,) in PG(t, s) has been introduced by N. Hamada and F. Tamari in [2].
It is known in [2, 3] that the concept of an {f, m; t, s}-max-hyper (or a {k, m; ¢, s}-
min-hyper) is useful to investigate optimal linear codes over the Galois field and maxi-
mal ¢ linearly independent sets.

In the present paper we get an upper bound on f for an {f, m; t, s}-max-hyper
with weight (w,, w,, -+, w,) for given integers m, t and s, and show that there exist
{f, m; t, s}-max-hypers which attain the upper bound for several given integers m, t
and s. ’ ‘

Finally, we obtain a lower bound on k for a {k, m; ¢, s}-min-hyper for some given

integers m, t and s.

2. An upper bound on f for an {f, m; t, s}-max-hyper for
given integers m, t and s

Let F be a set of points P,, P,,---, P, in PG(t, s) and let W=(w,, w,,-:-, w;) be
an ordered set of positive integers wy, wy,---, w,. Let (si—1)/(s~1)=v; for any
positive integer i. Let H, (i=1, 2,-+~, v,,,) be a hyperplane in PG(¢, s) and let

(2,1) F nHi={qu:j=1’ 2,"', ni}
fori=1,2,, b4y ' '

" DEFINITION 2.1. (F, W) is said 'to be an {f, m;t, s}-max-hyper (or an
{f, m; t, s}-min-hyper} with weight W if

L2 i
2.2 max /z'l wy,=m (or min j§1 Wy, =m)

i

% ‘o, :
where f= 21 w, and min 3. w, =0 if F n H;=¢ for some i.
r= i Jj
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Note that in the spe01a1 case t=2, an { f m;t, s}-max -hyper with welght W—
(1,1 1) is an {f m}-arc in PG(2 s) (cf [1 2])

Let N=|ny|l (i=1, 2, ~,v,+1, j=12, v,H) be the 1nc1dence matrix of v,
hyperplanes H,(i=1, 2,---,v,,,) and v,,, points Q;(=1,2,,0v,4,) in PG(,s),
where b ‘

1, if the ith -hyperplane H; contains the jth point Q i
(2.3) n=

0, otherwise.

Let (F, W) be an {f, m;t, s}-max-hyper (or an {f, m; ¢, s}-min-hyper) with
welght W—(wl, Wo,eeey w) where F={0,} (k=1, 2,--+, r) and let
o [ we | if =i (k=1, 2,0,7),
X ;=
0, otherwise
for j=1, 2,---, v,,,.” Then it is easy to see that
24y © ' max ')i" ni;x;=m (Or min étilh”‘xj=m) ~and - vflxj=‘f.
i =1 i j=1 J=1 T
... Conyersely, let x; (1< j<v,4,) be_nonnegative intg:gers,satisfying the condition
(2,4),and let E be a set of integersj such as x,>0 ic E={i,, iy, i}, Put wy=x,
(k=1, 2, r) and F={Q,}, then (F, W) 1s an {f, m; t, s}-max-hyper (or an {f, m;
t, s}-mln -hyper) with weight W=(w, wy, -, w,). \
. We prepare the following lemma, in order to prove Theorem 2.2.and 2.4.

LeMMA 2.1.  Let (F,, Wy) be an {f,, m; t, s}-max-hyper with weight W, éttch
thatf1>ffor any {f, my; t, s}-max-hyper. IflSm2<m1, then
e - ish (mx m2)
Jor any {f,, my; t, s}-max-hype:r.” S S
" PROOF: = Suppose that there'exists an {f,, m,; t, s}-max-hyper (F,, W,) such that
o> fi+mhy=m; where Fy={P} (i=1,2,--,k) and' W,=(w,, w,,+ w;). Let Hy
(i=1,2,---,0,,,) bea hyperplane in PG(t, s) and let FonHi={P,,:j=1, 2,--+, n;} for
i=1,2,~-,v,44. Letabe an integer such that Z w,,,=m, and put wf=w,+m,—m,
or w; according as i=1,, or not. Put W*-—(w"') Then (F,, W*) is an {f*, m,; t, s}-
max-hyper with wexght W* such that f*> f, where f*=f,+m, — —my, which implies

contradlctlon This completes the proof
Let

2.5) m=t 1‘+=6‘161+é'2'vg+~‘=+a,_10,_f+a,v,

where o,’s are integers such that 0<o1 S,0<a,5s—1 (i=2,+,t—1) and 6,20,
Then we obtain L y
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THEOREM 2.2. -~ Let (F, W) be an {f, m; t, s}-max-hyper in PG(t, s). Then.
(2.6) fSt=14+0,03+ - +0,_ 10,4004, '

where m is an integer given by (2.5).

PROOF. Let (F, W) be an {f, m; t, s}-max-ﬁyper with weight W=(w,, wy,---, w;)
k
where f= > w, m=t—-1+ i o, and F={P,, P,,---, P;}. :
r=1 i=1
Let

Fn Hiz{Plu:j=1""’ m} (i=1, 2,-, 0,44)

for an hyperplane H; in PG(t, s). Let 2, denote the set of all points in PG(t, s). The
proof is by induction on . ' " R o
(i) The case t=2. If w;Se, for all i=1, 2,.--, k, then it follows from k<o, that
fE06,03<1+0,0,+0,0;. If there exists an integer B such that w26, +1, then con-
sider the point Py in F. Let Hg, (g=1, 2,-, s+1) be s+1 lines in PG(2 §) passing
through the point P;,. Then (H,,q—P,,)n(H,,q —Pg)=¢ (g#4q’) and U Hp,=2,.

It follows from max 3 w, =1+0,v, +0,v, that
i

k
=X ws(1+00,+0,0,)(s+1)—swg -
r=1
‘ "=1+alvz+o'zu3;+(az+1—w,,)s.

Since wy20,+1, we have f <140,0,+0,v,. . Hence Theorem 2.2 holds in this case.
(i) The case t=n+1. Suppose that Theorem 2.2 is true in the case t=n. Then we
shall prove Theorem 2.2 is true in the case t=n+1. Consider « such that

2.7 Z’, Wi, =R+00 +  + 0,0, + 0y Vi y

Let G; (i=1, 2 oy v,,H) be an (n 1)-ﬁat contamed in H and let F nG;= {P,

° ,} Suppose that max Z w,,USn 1+ Z aJHv ie., max Z Wa,, =
n— 1+ Z 0;4,0;—0 where § is a nonnegatlve 1nteger Write F *=F n H and W*=
(w,,)- Smce H, can be 1dentxﬁed with PG(n 5), it follows that (F*, W*)is an {f*, m*;
n, s}-max-hyper in PG(n, s) where [f*= JZ wy,, and m*=n—1+ 21 04 10— 0. There~
fore, it is’ easxly shown from the assumption of induction and Lemma 2.1 that 2 w,
sn-1+ Z o;,,—6. This contradicts (2.7). : '

Hence we have
At
max Z Wo, ZH+ Z Gj410;.
Let B be an integer such that °
A n
@ o Fwznt Fon.
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Put (FAH,)~G,={P,,:j=1,2,--, p;} for i=1,2,--,s+1 where H,’s are hyper-
planes in PG(n+ 1, s) passing through G,. Since {(FnH,)-G,}n{(FnH,)-G, =
s+1 .
¢ (i# j) and N {(FnH,)—G,}=2,.,,, we obtain
=1

3 A s+1 B
2.9 > ow,= f Was, + Wa,,
r=1 i=1 i=1j=1 M
and
Tyy Ag My n+1
(2.10) Z Wi, = 2 Wa,,t Z_: we, Sn+ Z o;0;
j=1 i=1 j=1 ji=t

for i=1, 2, s+l
Hence it follows from (2.8), (2. 9) and (2.10) that

L ) A
=(n+ _Zl ou)(s+1)—s '2:'1 Wag,
Jj= g . j=1

n+1
Sn+ 3 o4
i=1

This completes the proof. .
In the special case t=2, we have the following corollary:

COROLLARY 2.3. In the case t—2 and 02—0
2.11) ; - f<1+(m——1)(s+1)
for any {f, m; 2, s}-max- hyper in PG(2 s).

REMARK. The bound (2.11) is well known for {f, m; 2, s}-max-hypers with weight
(1, 1,0+, 1), ke, {f; m}-arcs. An {f; m}-arc which attains the bound (2.11) is said to
be a max1ma] {f; m}-arc. ' A ' - '
Let M (t s) be a set of integers m such that

(2. 12) ' f —t—1+alvl+azuz+ 40,10y ’
where 6;’s. are integers such that 050, <s, 0s0;Ss—1 (i=2,-+-,1—1) and (o,, 02,
0’,_1)-‘,"-'(0, Oa s )- )
Let M,(t, s) be a set of integers m such that
-1
(2.13) me=t—1+oto,—8+ 3 ol
i=k+1

i=k

where k, 6, and o}’s are integers such that 3<k<t—1, 1S9, £k—2; 1 £0f Ss—1.and
0So¥ss—1(k+15jst-1).
It is easy to see that M (¢, s) N'M,(t, s)=¢ and lMl(t, )|+ My, 8)|=(s+1)s*~2
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-1+ 'il (k—2)(s—1)s*"1"k=p,—(t— 1) where |A| denotes the cardinality of a set A.
k=3 :
Hence an integer m (t<m=<v,) can be expressed uniquely as (2.12) or (2.13).
Let

=1
(2.]4) m*=t——1+af0k—5k+ z d?vi+0'fv,
i=k+1

where k, 6, and o} (k<i<t—1) are integers given in (2.13) and o¥ is a nonnegative

integer. Then we have

THEOREM 2.4. Let (F, W) be an {f, m*, t, s}-max-hyper in PG(t, s) where m*
is an integer given by (2.14). Then

t—1
(2.15) féf“'l+0'ka+1“5k+i=§+10?vi+1+0?‘”z+1-

PrOOF. Let m;=m*+49,. It follows from Theorem 2.2 that
t—1
fist—1+06fv,, + ; 0F i1+ 0801y
i=k+1
for any {f, m,; t, s}-max-hyper. Then we have from Lemma 2.1

=1
% * %
f*<St—140fv,y,— 0+ _;+1050i+1+a't0:+1-

1

This completes the proof.

THEOREM 2.5. Let o be a nonnegative integer and let 6 be an integer such that
0L65t—1. Then

(2.16) f<ov,.,+6

_for any {f, ov,+3; t, s}-max-hyper in PG(t, s).
Proof is similar to that of Theorem 2.1 and hence omitted here.

3. A max-hyper which attain the upper bound (2.6), (2.15) or (2.16)

Let o;(i=1, 2,---,t—1) be the integers given in (2.5) and let ¢, =s5s—0,, &=
s—1—0;(2gi<t—1) and D={u:¢e,#0, ISust—1}. Let # be a set of ¢, 1-flats,
&, 2-flats,--, g,_, (t— 1)-flats in PG(t, s), i.e., let

B={VW:i=1,2, ¢, ueD}
where V¥ (i=1, 2,-+, &,) denote (not necessarily distinct) &, p-flats in PG(t, s) for
each integer u in D. In the special case (g,, &;,**, &—-,)=(0, 0,--+, 0), # is the empty
set ¢. Let n(B) (j=1, 2,+-, v,4,) be the number of flats V{* (15ige,, peD)in &
which contain the point Q; in PG(t, s).  Let us denote by F (e, &5+, &-1; t, 5), the
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family of all sets # which consist of ¢, 1-flats,--, g,_, (t—1)-flats in PG(t, 5).

THEOREM 3.1. Let m be an integer given by (2.5). If there is a set & in
F (€15 €252, &3 1, 5) such that max {n(#)—1: 1= j<v,,,} S0, then there exists
a max-hyper which attains the upper bound (2.6).

PrOOF. As mentioned in Section 2, it is sufficient to show that there exists a set
of nonnegative integers x; (1< j<v,.,) satisfying the following conditions

e+l
2 xj=t—1400,+ -+ 00,4,

Vet

-
-

and

<

t

+

1

) nx;St—1+0,0,+-- 40,0,

.
il
—

where n;; is an integer given by (2.3). Let & be a set in F(ey, 35, s;_, ;'t, §) such
that max {n(@)~1: 1S jsv,4}<0,. Putx;=0,+1—n(F)for j=1,2,--, v, ,.

U+t t—1

Since 3. n{(#)= X &v;,, it follows that
= = o

Vet

3.1 2z

1

Ver+1
xj=(‘7:+1)ut+1 - Zl n{( &)
1\_—'

~

. =1
=(0,+ v, — 21 &1y
i=
. - =1 =1
=d,v,+ 1 +t—1 +sz + Zz (S"" I)UH 1= Zl Eile
i= i=

=1
=t—1+(s—&)v,+ iz..z.(s"l"ei)viﬂ + 04y

=t—1+00,+ -+ 0y,

Let H; and Vﬁ-"’ (s jse‘,‘, we D) be a hyperplane in'PG(t, s) énd a u-flat in 4,
respectively. Since |H;n V| =v, or v,,, for all i and j provided ¢, #0, it follows
that

Ve+1 Ep -1
(3.2) Lo (@)=3 3 H0VPIZ'S 60,
o '_('=1‘ . ueD j=1 u=1
Thus from (3.2) we have
Vet Vi1
Z nijxj=(0"+ I)U‘— j;l n“ﬂj(.@)

j=1

3.3)

étélil-'(s——al)u,%---+(s;l—a,_1)v,_1+a,v_
zt——1+alul(+---+a,iv,.

Heénce from (3.1) and (3.3) we have the required resuit.’
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THEOREM 3.2. If there exists an {f, m; t, s}-max-hyper which attains. the upper
bound (2.6) where m=t—1+sv;+(s— Do+ +(s—Dovy_; + (0¥ — l)vk+ Z a, v
and o¥ (i=k, k+1,- t) is an integer given in (2 14), then there exists an {f"' m*;
t, s}-max-hyper which attains the upper bound (2.15) where m*=t—1+o}¥v,—0+

t
_E ot .

i=k+1

ProoF. If there exists-an {f, m; t, s}-max:hyper-which:attains the upper bound
(2.6), there exists a set of nonnegative integers {x;} (j=1, 2,-:-, v,,,) which satisfy the

Vet

Vet
conditions 3. x;=fand max Z n;x;=m. Leta be an integer such that Z NyX ;=
= o
m. Consnder an integer / such as ny=1and let y;=x;+k—1-34, or y,=x, accordmg
as j=1I or not. Then we have

Vet

.(3.4) . 23 = -—],f'dk-k }Z& xj

“.
—-

=t—-1+sv2+(s—1)v3+-~-+(s—1)"uk'

' t
+hk—1=6+(OF — Do+ 2 0F054,y

i=k+1

S :
— *
e L t—1+4050s, — O+ is%:ﬂ“f"iﬂ )

since v, =k— 1+s02+(s-—1)v3+ +(s—1)vk
We also have -

‘(3-5) v Z n,y;Sk—1—6+ Z nyX;

=1

L

St—1+sv +(S—1)17‘2+"“’+(S"'1)‘Uk__1

tk=1—8 4+t =Dn+ 3 oty

i=k+1
==t—'1‘+‘&:vk"5k'F f: &?U,
1=k+1 ,
forall i=1,2,-, 04, . ,
From (3.4) and (3.5), it follows that therc exists a set of 1ntegers i) ( i=1, 2 v,H)'

Veet

such that Z ylft—1+akvk+,—5k+ Z a, ;+1 and Z n;y;St— 1+akvk O+
Z‘, a*v Hence there ex1sts an_{f*, m* t, s}-max- hyper which attains. the upper
bound (2.15) where f*= 2 y;jand m*=t—1+af e Ot i ot ’ This completes

i=k+1
the proof.

THEOREM 3.3. Let ¢ be a nonnegative integer and let 6 be an integer such that
0<6=<t—1. Then, thereexists a {f, ov,+0; t, s}-max-hyper which attains the bound
(2.16). P
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PrROOF. Let x;=0+406 and x;=a for j=2, 3,:--, 9,4 . Then we obtain

Vi+1

Ve+1
121 X;=0v,,;+0d and _Zl XjSov+6 (1SiZv,.,).
= J=

Hence we have the required result.

4. An upper bound on k for a {k, m; t, s}-min-hyper
for given integers m, t and s
Let.g; (i=1, 2,---, t) be any integers such that 0<¢, <5, 0<0,<s—1 2ZLigt—-1)
and 6,20 and let

“.1) Mm=0,0;+0,0,+ - +00,.

THEdREM 4.1. Let m be an integer given by (4.1) and let (K, W) be a {k, m;
t, s}-min-hyper in PG(t, s). Then

kzow,+-+0o,0,,,.

PROOF. Let (K, W) be a {k, m; t, s}-min-hyper with weight W=(w,, wa,---, w,)
in PG(t, s) where k= i w,and K={P,, P,,.--, P,}. We shall prove this theorem by
induction on t. =
(i) Thecase t=2. Let P, be a point in K, then it follows from mm Z Wy, =01 +0,0;
that k=(o,+0,0)(s+1)—sw,=0,v,+0,03+(0,—w,)s for y= 1 2 -, k. If there
exists an integer y such that w,<a,, then k2o0,v,+0,05. If w,20,+1 for all y and
g=v3, then it follows from 0=¢, <s that k2v3(0,+1)>0,0,4+0,0;. If w,20,+1
for all y and g <v;, then there exists a point Q in PG(t, s) which is not contained in K.
Consider s+ 1 lines in PG(2, s) passing through the point Q. Then we obtain

kz(o,+0,0,)(s+1)=0,0,+0,0;5.

Hence Theorem 4.1 holds in this case.

(ii) The case t=n+1. Suppose Theorem 4.1 is true in the case t=n. We shall
prove Theorem 4.1 is true in the case t=n+1. Let FnH;={P,:j=1, 2, n;}
(i=1, 2,:-, v,H) for a hyperplane H; in PG(t, s). Consider a such that Z Wi, =
Eo‘,v Let' G, (i=1, 2,-+,v,4,) be an (n—1)-flat contained in H, and let Fn G,=
{Pa‘ SJ=1 2 -, A;3.  Using an argument similar to the proof of Theorem 2.2, we have

. . A

Let B be an.integer such that 251 Wap, S 2. 03440 Using an argument similar to the
P ]

proof of Theorem 2.2, we have
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q As s+l n+i i
k= Z wr; & wapj+ ~ { - G;0;— Z wn“}

r=1 j=1 Jj=1 i=1 i=1

n+2

Z 2 0V
i=1
This completes the proof.
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