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ABSTRACT

A new multistep method for five-node through nine-node formulas for the minimum
truncation error was derived in the work of Tamari, Furuki, Xu, and Yanagiwara (1998).
For this new multistep method, the stability using the method of Yanagiwara (1995) may
be expected.

At seven-node formulas, as the main corrector y,+2 was used in Tamari, Furuki, Xu,
and Yanagiwara (1998), and v,.; in Inamasu, Kaneko, and Yanagiwara (1994), though at
the case of five-node formulas, the same formula was used in both papers.

So, in this paper the stability of our new multistep method will be considered for the
four cases including seven-node formula, namely six-node through nine-node formulas.

1. INTRODUCTION

Attaching great importance to the minimum truncation error, in the work of
Tamari, Furuki, Xu, and Yanagiwara (1998) derived a new multistep method for
five-node through nine-node formulas. For our new multistep method it may be
necessary to consider the stability, by the same method used in Yanagiwara (1995).

At seven-node formula, the main corrector was y,+» in Tamari, Furuki, Xu, and
Yanagiwara (1998), and y,+; in Inamasu, Kaneko, and Yanagiwara (1994), though at
the case of five-node formula, we used the same formula in both papers.

So, in this paper we will consider the stability of our new multistep method for
four cases including seven-node formula, namely six-node through nine-node
formulas.

2. THE STABILITY POLYNOMIAL OF SIX-NODE FORMULAS

In order to get the stability polynomial of our six-node formula, we rewrite our
corrector formulas in Tamari, Furuki, Xu, and Yanagiwara (1998).

The correctors :
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Yn-1=Yn— 1440( 27y,, 2+637y,, 1
7 4 / 71
+1022y, — 258y, 4+ 1+ TTyn+2—11¥543) — 60480h7y(7), 2.2
Yn+1= 1440 (113’1; 2 93y§,_1+802y;
+802y7+1— 93yn+2+11yn+3) 60480k7 y ™, (23)
Yn+2= ( yn l+34yn+114yn+1+34yn+2 yn+3)_—h7y(7) (24)
- h , , ,
yn+3—yﬂ+m(3yn—z—21yn_1+114y,,
, : S 29w
+114y54+1+219y5 15+ 51yn43) — 40ky , 2.5)

Here, for the following differential equation :

¥y = 2, 26)
when we fix UDP Xp+1, Ya+t, Yat1s Xn Yno Yno Xno1, Ynt, Yno1; **, if Yaez and i
converge by (24), ie.,
1
Vnt+2= ( Y134y, + 114y, 1 +34y5 10— yn+3)—mh7 y ™,

and if ¥,+3 and y,+3 are arranged by (2.5), ie.,

Yn+3= 160 o (8Yn—2— 21y, 1+ 114y, + 114y, 41 + 219y, 12 +51y043)

29 Ty,
2240h

we have the following equations:
Hy, 3+ (90— 34H) Y +2
=114Hyp 41+ (90+34H)y, —Hy,_,, @n
(160—51H)y+3—219HYn +2
=114Hyy, +1+ (160 + 114H)y, — 21Hy, 1 +3HYp -3, (2.8)
where H=2h.

Solving (2.7) and (2.8), we get the following equation :
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(1953H*—10030H + 14400)y, 2 = (18240 — 5928 H) Hy, +1
— (1848H%—690H — 14400)y,+ (72 H—160) Hy,—1 — 3H %, _». 2.9
Therefore, we obtain the following stability polynomial :
(1953H2—10030H + 14400).* + (5928 H — 18240) Hy3

+ (1848H*—690H — 14400)u2— (72H —160) Hu +3H?= 0. (2.10)

3. A STUDY OF THE EQUATION (2.10)

To get the domain: | # | <1, setting ¢ = e, we have the following equation :
(1953H2—10030H + 14400)e*¢ + (5928 H — 18240) He 3%

+ (1848H2—690H — 14400)e%? — (72H —160) He®® + 3H? = 0. 3.1)
Arranging this by H, we get the next equation:
3(651e%0+1976¢%9 4 6160%° — 24¢ + 1) H?

—10(1003¢*9+ 1824¢%° + 69¢%° — 16e™) H

+ 14400 (e%9—1)e%? = (. 3.2)

Solving (3.2) by H, we obtain the following equation :

_ —f1E /FIXF1—4XfOXf2

i 2Xf0 ’

33)

where f0, f 1, and f2 are the coefficients of H? H, and H° respectively.

We change @ from —z to z, then we have the following Figure 1.
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By the Figurel, we see that our corrector formula (2.4) is not “absolutely

stable”. But, (2.4) is “zero stable”, by the same reason as in Inamasu, Kaneko, and
Yanagiwara (1994).

4. A STABILITY POLYNOMIAL OF SEVEN-NODE FORMULAS

In order to get the stability polynomial of our seven-node formulas, we rewrite
our corrector formulas in Tamari, Furuki, Xu, and Yanagiwara (1998).

The correctors :

yn_3:yn—Eg‘ﬁ(essy;,ﬁszwy;_ﬁ1161y;,,1+217sy;,

7299 1+ 2169 22994 5) — g™V, 1)
ynfz:yn~3—7};()—(—37y;73+ 1398y, »+4863y, 1 +1328y;
, , , 1
+33y7+1—30yn4+2+5¥n+3) +ﬁh8y(s), (4.2)
_h

Yn-1=Yn " 60480 (271y7,-3— 2760y, _2+ 30819y, + 37504y,
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—67T1yy+1+ 1608y, 2— 191y, 43) — szWhﬂ y®), 4.3)
Vo1 = 60480( 191y, 3+ 1608y, _o— 6771y, _; + 37504y,
+30819y5 11— 2760y, o+ 271y 1 3) — —thsy@) (4.4)
n n+2 n+3 120960 ’ -
Ynt2= 3780 wran (8Yn—3—30yn 2+ 33y, -1+ 1328y,

4863y, 1+ 1398y, 15— 3Ty s) +—7;—6h8y<8>, (45)
Ynt3=¥nt 2240( 29y, 3+216y, 2— 729y, 1 +2176y;,

+ 1161y, 1+ 3240y, . 3+ 685y, 13) — = h8y®, (4.6)

896

Here, for the above differential equation (2.6), i.e.,

’

y o= 2y,

: 7’ ’ N / . /’
when we fiX UD Xu+1, Yn+l, Ynt1; Xne Vno Yni Zn—ty Yn—to Yn-1; **°, if Yuiz and yniz

converge by (4.5), ie.,
h p ’ ’ ’
Yn+2=Yn T 3200 (59n-3 =30y, 2 +33y,1 +1328y,
+4863y) 1+ 1398512~ 3154 49) + kY,
and if y,+3 and y, .3 are arranged by (4.6), i.e.,
Ynt3= 2240( 29y5 -3+ 216y, -2— 729y, +2176y;,
11615411+ 3240v5 2+ 685%715) — o hY®,
we have the following equations:
3THyn 3+ (3780 — 1398H) vy, + 2= 4863HYn +1
+ (37804 1328H) v, + 33Hy, -1 — 30HYn -2+ 5HY, 3, @.n
(2240 —685H) Y5+ 3~ 3240HY, 1 3= 1161Hy, 1

+ (2240 + 2176 H) Y — T29HY, -1+ 216HY, o — 29HY, 3, 4.8

where H=2h.
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Solving (4.7) and (4.8), we get the following equation :
(76965H 2 — 408630H +604800) v, + 2= (778080 — 241008H) Hyn +1
— (70728H2—21610H —604800)y, + (312H +5280) Hy,
+ (897TH —4800) Hy, - — (168H —800) Hyp—3. . 4.9
Therefore, we obtain the following stability polynomial:
(76965H2— 408630H + 604800).° — (778080 — 241008 H) Hp*
+ (70728H2—21610H — 604800)1.° — (312H +-5280) Hy?

— (897H —4800) Hu + (168H —800) H= 0. (4.10)

5. A STUDY OF THE EQUATION (4.10)

To get the domain: | ¢ | <1, setting . =e”, we have the following equation :
(76965H2—408630H + 604800)¢%¢ + (241008 H — 778080) He'®
+ (70728H2—21610H —604800)¢%¢ — (312H +5280) He**®
— (897H —4800) He'® + 168H2—800H = 0. (.1
Arranging this by H, we get the next equation:
(76965¢5¢ + 241008¢*¢ 4 70728¢%¢ — 312¢%9 — 897e™® + 168) H?
—10(40863¢% + 77808¢* + 21619+ 528¢%% — 480¢™ + 80) H
+ 604800 (e%—1)e% = 0. (5.2)

Solving (5.2) by H, we change 6 from —z to z then we have the following
Figure 2.
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By the Figure2, we see that our corrector formula (4.5) is not “absolutely
stable”. But, (4.5) is “zero stable”, by the same reason as in Inamasu, Kaneko, and
Yanagiwara (1994).

6. THE STABILITY POLYNOMIAL OF EIGHT-NODE FORMULAS

In order to get the stability polynomial of our eight-node formulas, we rewrite
our corrector formulas used in Tamari, Furuki, Xu, and Yanagiwara (1998).

The correctors :

_h

Yn-3=Yn " 14g0 (1325y; 3 +6795y, 2+ 137751 +5927y;, — 3033741

369
44800

1377y +2—373y5+3+ 4595440 + hy®, 6.1
_h

Yn-2=Yn " 37g7 (—32y7 3+ 1363y,—2+ 4968y, -1+ 1153y, + 208y 1

127
113400

—135y,+2+ 40y, 13— 55 +4) — hoy®, (6.2)
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Yn—1=Yn— 120960 —___(351y,_3—4183y,_o+ 57627y, 1+ 81693y, — 20227y,

~ _ 3233 .4 @
72215} 2 110 0 19150) + g

Yn+1= 120960( 191y, 3+ 1879y, 2 — 9531y, — 1 + 68323y, + 683235 +1

U o

—9531y; 2+ 1879%.45— 19194 +4) + 500000

h ’ ; ’ / ’
yn+2:yn+m—0_(5yn—2~72yn—l+ 1503yn+4688yn+1

+1503y5 2~ T2Yn+3+ 59n-+4) — 113300 o h %y ®)

Yn+3= 4480( 13y, 3+ 117y, — 513y, 1+ 2777y,

+3897y; 41+ 55359510+ 1685¥5 43— 455 +4)

81
* 44800

hoy®,
— h 7 ’ /7 7/
Yn+4=Yn +§4*g(8yn~3—64y,,72+ 216y, _1— 106y,

+ 1784y 41+ 21695+ 2+ 1448Y5 13+ 278y, 14

107 9 (9)
14175h

Here, for the above differential equation (2.6), ie.,

7

y o= Ay,

(6.3)

(6.4)

(6.5)

(6.6)

(6.7

when we fiX UP Xnil, Ynitr Yat1: Tn Yno Vi Xn-t, Ynto Yn1s *+o if Ynez and yuee

converge by (6.5), ie,

h 7 7 ’
Yn+2=Yn +W(5yn—2—72yn—l+ 1503y,

4 4 s ’ 23
+ 4688y, 41+ 1508yn+2— T2¥n 13+ 5¥n+4) — 113400 hoy®,
if .43 and yp 43 are arranged by (6.6), i.e,
YVnr3= 4480 —(— 13y -3+ 11Tyn—2— 513y, + 2777y,
+3897y7+1+ 5535y +2 1 1685y5+5—48yn+4) + 7 4800 ——=—py®,

and if yn+4 and y,+4 are arranged by (6.7), ie,
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h 4 s ’ ’
Yn+4=Yn +-9'4‘5—(8yn73_64yn72+216yn~1 - 1063’1;

107
14175

+ 1784y} 1+ 21635 42+ 1448y 13+ 278y5 . ) — hoy®,
we have the following equations :
—5Hyp 44+ T2HY 5 +3+ (3780 —1503H) Yn 12
=4688HYy, +1+ (3780 + 1503H) vy, — T2HYn 1 +5HYn -2,
45HYy, 14+ (4480 — 1685H)y, +3— 5535HY, + 2 =389THYn +1
+ (44804 277TH)Y» —513HY, 1+ 11THY, 3~ 13HYy, s,
(945— 278H)y,,.+4— 1448HY, 13— 216HY, 10 =1T84HYyp +1
+ (945—106H)y, +216Hy, - — 64HYy,—2+8HY, -3,
where H=2h.
Solving (6.8), (6.9), and (6. 10), we get the following equation :
(135961110H3%—950556285H 2+ 24414()7500H —2286144000)y,+ 2
= — (371205216 H%— 1932661800H + 2835302400) Hy, +
— (125460756 H 3 — 331757860H *— 663900300H +2286144000)y,
+ (7645824H?— 348660004 +43545600) Hy, —
— (884106H%—3369015H +3024000) Hy, —,
+ (56544H — 151960) H %y, 3.
Therefore, we obtain the following stability polynomial :
(135961110H % —950556285H 2+ 2441407500H — 2286144000) 1.°

+(371205216H2— 1932661800H + 2835302400) Hy*

+ (125460756 53— 331757860H 2 — 663900300H +2286144000)4°

49

(6.8)

(6.9

(6.10)

(6.11)
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— (7645824 H % — 34866000H + 43545600) Hyz?
+ (884106H2—3369015H + 3024000) Hu

—(56544H —151960) H?*= 0. A (6.12)

7. A STUDY OF THE EQUATION (6.12)

To get the domain: | ¢ | <1, setting # = e, we have the following equation :
(135961110H % —950556285H 2+ 2441407500H — 2286144000)e5¢
+ (371205216H2—1932661800H + 2835302400) He*®
+ (125460756 H® —331757860H > — 663900300 H + 2286144000)¢%?
— (7645824H?— 34866000H + 43545600) He?
+ (884106 H2—3369015H + 3024000) He' + 168H
— (56544H—151960)H?= 0. (7.1)
Arranging this by H, we get the next equation:
(135961110e%9 4 371205216e%¢ + 125460756¢%¢
—7645824¢%94-884106¢" — 56544 ) H
— (9505562866 + 1932661800249 + 331757860e%¢
—34866000¢%°+3369015¢" — 151960) H?
+100(24414075¢%% 4- 28353024¢4% — 6639003¢%¢
— 435456049+ 30240e°) H
—2286144000(e%9—1)e%¢ =0, (1.2)

Solving (7.2) by H, using the Cardan’s method, we change 6 from —z to z, then
we have the following Figure 3.
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Im

Figure 3

By the Figure3, we see that our corrector formula (6.5) is not “absolutely
stable”. But, (6.5) is “zero stable”, by the same reason as in Inamasu, Kaneko, and

Yanagiwara (1944).

8. THE STABILITY POLYNOMIAL OF NINE-NODE FORMULAS

In order to get the stability polynomial of our nine-node formulas, we rewrite
our corrector formulas in Tamari, Furuki, Xu, and Yanagiwara (1998).

The correctors :

Yn—4=Yn _lz{lﬁ(4063y;"4 + 22576y, —3+ 244y, o+ 32752y, 1 — 9080y,
, , / , 94 0,00
+9232y7+1— 3956y, +2+976¥7 13— 10Typ +4) — 14175h Yo, (8.1)

_h__

Yn=3=Yn" 24800 (—369y, 4+ 16202y, 3+ 57618y, -2+ 34434y, + 33440y,

113

39600 hloy(lo), (8.2)

—9666y5+1+3438y 42— T78yn+5+81yn+0) +



52 Fumikazu TAMARI, Ryuichi FURUK], and Hiroki YANAGIWARA

Yn—2=Yn— 113400 o127y, _ 4 — 1976y, _3+ 44446y, _,+ 141928y, | + 43480y,

’ ’ 7 3
—872yn+1— 494y 12+ 184y7 13— 23y 44) — 113400 h10y 0, (83)
— ~'h— — 7 /7 — 7’ ’
Y17 Yn~ Gaaaa00 (" 5233Vn- 4+ 36394y, 5 — 216014y, o+ 1909858y,
+2224480y;, — 425762y, 11 + 126286y, + 3 — 25706y, + 3+ 2497y 1 o)
ﬂ 10, (10)
+ 576007 Y 69
Yn+1=Yn+t smmcoe 3628800 (2497y,—4— 25706y, 3+ 126286y, — 425762y,
+ 2224480y, + 1909858y, + 1 — 216014y, 2+ 36394y, + 3—3233v5 +4)
2497 104,(10) ¥
576007 Y L85
h 7 ’ 7 7 /7
yn+2:yn+m(—23yn—4+184yn-3—494yn—2—872yn—1+43480yn
+141928y, 41+ 4446y, . — 1976+ 3+ 127yn+4) — Hgioohmy(“’), - .(8.6)
Yni3= 44800 ————(81y, _4—T78y, 3+ 3438y, »— 9666y, ;+ 33440y,
+34434y, 1 +57618y, 2+ 16202y, +5— 36937 +4) + 89(1530 h1° o), 8D
Ynrs =Yt 4175 ———(— 107y, _4+976y, 35— 3956y, _»+9232y,_;—9080y,
+32752y5 + 1+ 244y, . o+ 22576y, + 3+ 4063y, 1+ 4) — T 491 7 Jy10y(10), (88)
Here, for the above differential equation (2.6), ie,
y = 2y,
when we fiX UD Xpi1, Ynt1, Vat15 Xns Yu Yns Xn—1, Yn—t, Yn—1; ***, if Yoi2 and Vg

converge by (8.6), ie.,

Ynto= 113400( 23yn—4 1184y, _5—494y, _»— 872y, + 43480y,

+141928yy +1+44446y5, 12— 1976y, 13+ 127yp 4) — 1 lgioo

if y¥,+3 and y,+3 are arranged by (8.7), ie.,

Iy =3+ 8Ly — T8, s 3438y, — 966635+ 334405}

thy(IO),
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+ 34434y, 1 +57618yy 12+ 16202y, 35— 369y, +4) + F10y010)

113
89600
and if ¥,+4 and y,.4 are arranged by (8.8), i.e.,

Y=Y+ (— 107554+ 97675 — 39563, -+ 923271 — 90805,

94
14175

+32752y+1+ 244y 2+ 22576y 4.5+ 4063y}, +4) — R0y 00,
we have the following equations:
~127THyn+4+ 1976 Hyy + 3+ (113400 — 44446 H) Yy +2
=141928Hy, ., + (113400 +43480H)y, — 872Hy,—, — 494HY, -5
+184Hy, 35— 23HYy -4,
369HYy, 14+ (44800 — 16202H)y, 3 —57618HY, 12
= 34434HYy, 1+ (448004 33440H) y, — 9666 Hy, — | + 3438Hy, ,
—TT78HYyy -3+ 81Hy, 4,
(14175—4063H) Yn + 14— 22576 HYy + 3 — 244HY, 1o
=32752HYy, +1+ (14175—9080H) v, + 9232HYy, — — 3956 Hy, _»
+976Hy, 35—~ 107THyy, 4,
where H = Ah.
Solving (8.9), (8.10), and (8.11), we get the following equation :
(26156958290H 3 — 188799509710H 2+ 499401012600H — 480090240000) v, + 2
= — (72379639872H 2 — 394719192000 +600866380800) HY» + 1
— (24005720880H % —66729676195H > — 134985425400 H + 480090240000)y,

+ (1214992960H 2 — 4548393920H +3691699200) Hy,,

—(40534110H 2+ 563780070H — 2091398400) Hy,—»

53

(8.9

(8.10)

(8.11)
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— (25812480H % — 322703360H + 778982400) HY -3
+ (4539772H % —43941275H +97372800) Hy, - 4. (8.12)
Therefore, we obtain the following stability polynomial :
(2615695829043 — 1887995097104 >+ 499401012600H — 480090240000) 12°
+(72379639872H2— 394719192000H + 600866380800) Hy
+ (24005720880H % —66729676195H 2 — 134985425400 H + 480090240000 ) 12*
— (1214992960H % — 4548393920H + 3691699200) Hy:®
+ (40534110H 2 +563780070H —2091398400) Hy®
+ (25812480H 2 — 3227033604 + 778982400) Hy

—4539772H %+ 43941275H % —97372800H = 0. (8.13)

9. A STUDY OF THE EQUATION (8.13)

To get the domain: | # | <1, setting £ =¢%, we have the following equation:
(26156958290H 3 — 188799509710H 24 499401012600H — 480090240000) 5%
+ (72379639872H %2 — 394719192000H + 600866380800) He®*¢
+ (24005720880H 3 — 667296 76195H 2 — 134985425400 H + 480090240000) ¢*®
—(12 14!.)92960H 2—4548393920H + 3691699200) He?
+ (40534110H 2+ 563780070H — 2091398400) He*¢
+ (25812480H 2 — 322703360 H + 778982400) He™®
—4539772H3+43941275H%—97372800H = 0. 9.1
Arranging this by H, we get the next equation:

(26156958290e%% + 723796398725 ++ 24005720880e**
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—1214992960¢%° - 405341100 + 25812480e" — 4539772) H®
— (188799509710¢%9 3947191920006 + 66729676195¢*°
—4548393920¢% — 563780070e%° 4 322703360e™ — 43941275) H
+100(4994010126¢%° 4 6008663808¢° — 1349854254¢*¢
—36916992¢%° — 209139849 +-7789824¢" — 973728) H
— 480090240000 (%% —1)e*9= (. 9.2)

Solving (9.2) by H, using the Cardan's method, we change 6 from —rx to z, then
we have the following Figure 4.

Im
2_4

Re

Figure 4

By the Figure4, we see that our corrector formula (8.6) is not “absolutely
stable”. But, (8.6) is “zero stable”, by the same reason as in Inamasu, Kaneko, and
Yanagiwara (1944).
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